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$F$ $0$ $R=F[x, y, z, S, T, U, V]$ $F$ 7
$t$ 2 $R_{0}=F[x, y, z]$ $y^{t+1}S-x^{t+1}T,$ $z^{t+1}T-y^{t+1}U$ ,
$x^{t+1}U-z^{t+1}S,$ $xV-y^{t}z^{t}S,$ $yV-x^{t}z^{t}T,$ $zV-x^{t}y^{t}U$ $R$
$S(M)$ $\overline{S(M)}=R\cap Q(S(M))$ Noether
Hilbert 14 Hilbert 14
([5]) Roberts
$S\mapsto x^{t+1}W,$ $T\mapsto y^{t+1}W,$ $U\mapsto z^{t+1}W,$ $V\mapsto(xyz)^{t}W$ $Rarrow$
$F[x, y, z, W]$ $P$ symbolic Rees $al$gebra $R_{s}(P)=\Sigma_{n\geq 0}P^{(n)}\xi^{n}\subseteq$
$R[\xi]$ Noether Cowsik ([2])
symbolic Rees algebra Noether
$A$ filtration $\mathcal{F}=\{F_{n}\}_{n\in Z}$ Rees
$R(\mathcal{F})=\Sigma_{n\geq 0}F_{n}\xi^{n}\subseteq A[\xi]$ Noether
Roberts $ch(F)>0$
section 2 $R(\mathcal{F})$ Noether ( 2.3)
section 3 Rees symbolic
Rees algebra ( 3.3) $R(\mathcal{F})$ Noether
( $3.1$ 3.2) section 4 Roberts





section filtration Rees Noether
2.1 $A$ $A$ $\mathcal{F}=\{F_{i}\}_{i\in Z}$
$\mathcal{F}$ $A$ filtration
1. $i$ $F_{\mathfrak{i}}\supseteq F_{i+1}$ .
2. $i\leq 0$ $F_{1}=A$ .
3. $i,$ $j$ $F_{\dot{t}}\cdot F_{j}\subseteq F_{i+j}$ .
$A$ filtration $\mathcal{F}$ $R(\mathcal{F})=\Sigma_{i\geq 0}F_{i}\xi^{i}\subseteq A[\xi]$ $\mathcal{F}$ Rees
$R’(\mathcal{F})=\Sigma_{i\in Z}F_{i}\xi^{i}\subseteq A[\xi, \xi^{-1}]$ $\mathcal{F}$ extended Rees
2.2 $\mathcal{F}$ $A$ filtration $A$ Noether
$R(\mathcal{F})$ $R’(\mathcal{F})$ Noether
$A$ Noether $R(\mathcal{F})$ $R’(\mathcal{F})$ Noether
( $R’(\mathcal{F})=R(\mathcal{F})[\xi^{-1}]$ $R(\mathcal{F})$ Noether $R’(\mathcal{F})$
$R’(\mathcal{F})$ Noether $R’(\mathcal{F})[\zeta]\subseteq A[\xi, \xi^{-1}, \zeta]$
$A[\xi, \xi^{-1}, \zeta]$ . $\deg\xi=1,$ $\deg\zeta=-1$ Z-graded ring $R’(\mathcal{F})[\zeta]$
graded ( $R’(\mathcal{F})[(])_{0}=\Sigma_{i\geq 0}F_{1}(\xi\zeta)^{i}\simeq R(\mathcal{F})$ Noether
)
filtration Rees extended Rees Noether
2.3 $S$ Noether $T=S[V]$ $S$ $d$
$\mathcal{F}=\{F_{i}\}_{i\in Z}$ $T$ )$s$ filtration $\mathcal{G}=\{G_{i}\}_{i\in Z}$ $S$ )$s$ filtration
1. $i\in Z$ $G:T\subseteq F_{\mathfrak{i}}$ .
2. $i\in Z$ $t$ $F_{i}\ni g_{0}V^{t}+g_{1}V^{t-1}+\cdots+g_{t}$ (go, . . . , $g_{t}\in S$)
$g_{0}\in G_{i-[\frac{t}{d}]}$ ( $[ \frac{t}{d}]$ $\frac{t}{d}$ )
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3. $R(\mathcal{G})$ Noether








$R(\mathcal{F}’)^{(d)}=R(\mathcal{F}),$ $R(\mathcal{G}’)^{(d)}=R(\mathcal{G})$ ( $(*)^{(d)}$
$d$ Veronese subring ) $R(\mathcal{F}’)$ Noether $R(\mathcal{F}’)^{(d)}$ Noether $(R(\mathcal{G}’)$
Noether $R(\mathcal{G}’)^{(d)}$ Noether )
$\mathcal{F}’$ $\mathcal{G}’$ $d=1$ $i\in Z$ $G_{i}T\subseteq F_{i}$
$j\in Z$ $G_{J}’\cdot T\subseteq F_{j}’$ 1 $R(\mathcal{G})$ Noether
$R(\mathcal{G}’)$ Noether 3 $F_{ds}’=F_{s}$ $V$
$ds$ monic 4 2
$j$ $t$ $F_{J}’\ni g_{0}V^{t}+g_{1}V^{t-1}+\cdots g_{t}$
$90,$ $\ldots,$ $g_{t}$
$S$
$F_{J}’=F_{[\frac{j+d-1}{d}]}$ $go\in G_{[\frac{j+d-1}{d}]-[\frac{t}{d}1^{\text{ }}}$
$[ \frac{j-t+d-1}{d}]+[\frac{t}{d}]\leq[\frac{j+d-1}{d}]$
$go\in G_{[^{1\llcorner d\underline{-1}}d]-[\frac{t}{d}]}\subseteq G_{1\frac{i-2+d-1}{d}]}=G_{j-t}’$
$d=1$ $R(\mathcal{F}’)$ Noether $d$
Veronese subring $R(\mathcal{F})$ Noether
$d=1$
$l$ $t$ $S$ $I_{l,t}$
$I_{l,t}=$ { $b\in S|$ fi $bV^{t}+(V$ degree $t$ ) }
2 $I_{l,t}\subseteq G_{l-t}$ $H_{1}=\oplus_{t\geq 0}I_{l,t}V^{t}\subseteq T$
$l$ $H_{l}$ $T$ $?t=\{H_{l}\}_{l\in Z}$
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$T$ filtration $l$ fi $\supseteq f|_{+1}$
$H_{l}\supseteq H_{l+1}$ $l\leq 0$ fi $=T$ $H_{l}=T$
$b\in I_{l,t},$ $b’\in I_{l’,t’}$ $bb’\in I_{l+l’,t+t’}$ $H_{l}\cdot H_{l’}\subseteq H_{l+l’}$
2.4 $R(?t)$ Noether $R(\mathcal{F})$ Noether
$R(?t)=\Sigma_{1\geq 0}H_{l}\xi^{l}\subseteq T[\xi]=S[V, \xi]$ $V$ $\xi$ $Z^{2}$-graded subring
$R(H)$ $T$ $R(H)=T[\{b_{\lambda}V^{t_{\lambda}}\xi^{l_{\lambda}}\}_{\lambda\in\Lambda}]$
(A ) $b_{\lambda}\in I_{l_{\lambda}t_{\lambda},\rangle}$




2.2 $R’(?t)=\Sigma_{l\in Z}H_{l}\xi^{l}\subseteq T[\xi, \xi^{-1}]$ Noether
$R’(\mathcal{G})\subseteq S[\xi, \xi^{-1}]\subseteq T[\xi, \xi^{-1}]$ $R’(\mathcal{G})$ $T[\xi, \xi^{-1}]$







$G_{l-t}\supseteq I_{l,t}$ $R’(?t)\subseteq R’(\mathcal{G})[V\xi]$ 1, 2
$I_{l.0}=fi\cap S=G_{l}$ $R’(?t)\supseteq R’(\mathcal{G})$ 4 $s$
$H_{s}\ni V^{s}$
$R’(\mathcal{G})[V^{s}\xi^{s}]\subseteq R’(?t)\subseteq R’(\mathcal{G})[V\xi]$




2.5 $S$ Noether $T=S[V]$ $S$ $q$ $T$
$p=q\cap S$ $s_{\mathfrak{p}}$ $Q(T/q)$ $Q(S/$ $d$
1. $i$ (\sim )T $\subseteq q^{(i)}$ .
2. $i$ $t$ $q^{(i)}\ni g_{0}V^{t}+g_{1}V^{t-1}+\cdots+g_{t}$ $(g_{0)}. . . , g_{t}\in S)$
$g_{0}\in P^{(\dot{l}-[\frac{t}{d}])}$ .
( $Q(*)$ $i\leq 0$ $P^{(i)}=S,$ $q^{(i)}=T$ )
ht $\mathfrak{p}=r$ $s_{\mathfrak{p}}$ $f_{i},$ $\ldots,$ $f_{r}\in \mathfrak{p}$ $a_{1}\in S\backslash P$




$Q(T/q)$ $Q(S/$ $\mathfrak{p}T\neq q$
$T/\mathfrak{p}T$ $=$ $(S/\mathfrak{p})[V]$ $arrow$ $T/q$
$\downarrow$ $\downarrow$
$Q(S/\mathfrak{p})[V]$ $arrow$ $Q(T/q)$
$Q(T/q)$ Q(S/ $d$ $S$ $b_{0},$ $\ldots,$ $b_{d}$
$b_{0}\not\in \mathfrak{p})b_{0}V^{d}+b_{1}V^{d-1}+\cdots b_{d}\in q$ ,
$(q/\mathfrak{p}T)\otimes_{S/\mathfrak{p}}Q(S/\mathfrak{p})=(b_{0}V^{d}+b_{1}V^{d-1}+\cdots b_{d})Q(S/\mathfrak{p})[V]$
$a_{2}\in S\backslash \mathfrak{p}$
$\bullet$ $b_{0}$ } $S_{a_{2}}$ unit.
$\bullet$ $(q/pT)\otimes_{S/\mathfrak{p}}S_{a_{2}}/\mathfrak{p}S_{a_{2}}=(b_{0}V^{d}+b_{1}V^{d-1}+\cdots b_{d})(S_{a_{2}}/\mathfrak{p}S_{a_{2}})[V]$.
$a=a_{1}a_{2}\in S\backslash \mathfrak{p}$ $S’=S_{a},$ $T’=T_{a}=S’[V]$ ,








$\bullet P^{S’=}(f_{1}, \ldots, f_{r})S’$ ,
$\bullet qT’=(f_{1}, \ldots, f_{r+1})T’$ ,
$i\geq 0$ $P^{(i)}=(f_{1}, \ldots, f_{r})^{i}S’\cap S,$ $q^{(i)}=(f_{1}, \ldots, f_{r+1})^{i}T’\cap T$
$g_{0}V^{t}+g_{1}V^{t-1}+\cdots+g_{t}\in q^{(i)}(g_{0)}\ldots, g_{t}\in S)$ go $V^{t}+g_{1}V^{t-1}+$
. . . $+g_{t}\in(f_{1}, \ldots, f_{r+1})^{i}T’$ $go\in(f_{1}, \ldots, f_{r})^{i-\xi}S’$
$t=\xi d+\zeta(\xi$ , ( $0\leq\zeta<d$)
$g_{0}\in(f_{1}, \ldots, f_{r})^{i-\xi}S’\cap S=(f_{1}, \ldots, f_{r})^{(i-\xi)}$
$\xi=[\frac{t}{d}]$
26 $S’$ $T’=S’[V]$ $S’$ $f_{1},$ $\ldots,$ $f_{r}$ $S’$
$f_{r+1}$ $T’$ $V$ $d$ monic $H=S’+S’V+\cdots+S’V^{d-1}\subseteq T’$
1. $T’=\oplus_{l\geq 0}H\cdot f_{r+1}^{l}$ $S’$ -
2. $h=g_{0}V^{t}+g_{1}V^{t-1}+\cdots+g_{t}\in T’$ $(g_{0}, \ldots , g_{t}\in S’),$ $t=\xi d+\zeta(\xi\geq 0_{\rangle}d>\zeta\geq 0)$
1 $h= \sum_{l\geq 0}h_{l}\cdot f_{r+I}^{l}(h_{l}\in H)$ $h_{\xi}$ $V^{\zeta}$
$g_{0\prime}$
3. 1 $h=\Sigma_{l\geq 0}h_{l}\cdot f_{r+1}^{l}(h\in T’, h_{l}\in H)$ $h\in$
$(f_{\dot{l}}, \ldots, f_{r+1})^{i}$ $l$ $h_{l}\in(f_{i}, \ldots, f_{r})^{i-l}H$
1, 2
3 $l$ $h_{l}\in(f_{i}, \ldots, f_{r})^{i-l}H$ $h\in(f_{i}, \ldots, f_{r+1})^{i}$
1 $S’$- $(f_{1}, \ldots, f_{r+1})^{i}$
$S’$-
$\{V^{J}f_{1}^{e_{1}}\cdots f_{r^{e_{r}}}f_{r+1}^{e_{r+1}}|j\geq 0, e_{1}+\cdots+e_{r+1}=i\}$
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$S’$- $(f_{1}, \ldots, f_{r+1})^{i}$ $V^{j}= \sum_{l\geq 0}h_{l}\cdot f_{r+1}^{l}$ $(h_{l}\in H)$
$V^{j}f_{1^{e_{1}}} \cdots f_{r^{e_{r}}}f_{r+1}^{e_{r+1}}=\sum_{l\geq 0}h_{l}f_{1}^{e_{1}}\cdots f_{r^{e_{r}}}f_{r}^{l}$ :
$h_{l}f_{1^{e_{1}}}\cdots f_{r^{e_{r}}}\in H$
$e_{1}+\cdots+e_{r}=i-e_{r+1}\geq i-(l+e_{r+1})$
$h_{l}f_{1}^{e_{1}}\cdots f_{r}^{e_{r}}\in(f_{1}, \ldots, f_{r})^{i-(l+e_{r+1})}H$
23 25
2.7 $S$ Noether $T=S[V]$ $S$ $q$ $T$
$\mathfrak{p}=q\cap S$ $s_{\mathfrak{p}}$ $Q(T/q)$ $Q(S/$ $d$
$R_{s}(\mathfrak{p})=\Sigma_{i\geq 0}p^{(i)}\xi^{\dot{t}}\subseteq S[\xi]$ Noether $l$ $q^{(l)}$
$V$ $dl$ monic $R_{s}(q)=\Sigma_{i\geq 0}q^{(i)}\xi^{i}\subseteq T[\xi]$
( Noether
28 2.7 $d=1$ $S$ $\mathbb{Q}$
$f\in q^{(l)}$ $V$ $l$ monic $gf\in q^{l}$ $g\in T\backslash q$
$\frac{\partial}{\partial V}(gf)\in q^{\iota-1},$
$\ldots,$
$\frac{\partial^{l-1}}{\partial V^{l-1}}(gf)\in q$ $\circ f^{(\sim)}=\frac{\partial^{i}}{\partial V}$; $f$











$g^{l}f^{(l-1)}\in q$ $f^{(l-1)}\in q$ $f$ $V$ $l$ monic
$f^{(l-1)}=(l!)V+g(g\in S)$
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$q$ $V$ 1 monic
$q$ $V$ 1 monic $f$ $q=(f, \mathfrak{p})T$
$i$
$q=\sum_{\dot{\iota}=0}^{J}\mathfrak{p}^{(\cdot)}f^{j-i}T$
$R_{s}(\mathfrak{p})$ Noether $R_{s}(q)$ Noether
2.9 $\mathbb{N}_{0}=\{0,1,2, \ldots\}$ $r$ $h_{1},$ $\ldots,$ $h_{n}\in(\mathbb{N}_{0})^{r}$ $H’=$
$\Sigma_{\dot{\iota}=0}^{n-1}\mathbb{N}_{0}h_{i},$ $H=\Sigma_{\dot{t}}^{n_{=0}}\mathbb{N}_{0}h_{i}$ $(\mathbb{N}_{0})^{r}$ $F$ $S=F[x_{1}, \ldots, x_{n-1}]$ ,
$T=F[x_{1}, \ldots, x_{n-1}, V]$ $F$ $H$ ( $H’$ ) $F$
semi-group ring $F[H]$ ( $F[H’]$ ) semi-group ring
multi-index $t^{h_{i}}$ $x_{i}\mapsto t^{h_{i}}$ $S$ $F[H’]$ $\mathfrak{p}$ ,
$x_{i}\mapsto t^{h_{i}},$ $V-\succ t^{h_{n}}$ $T$ $F[H]$ $q$
$\mathfrak{p}=q\cap S$ $\dim F[H]=\dim F[H’]$
$Q(T/q)$ $Q(S/$ $d$ $R_{s}(\mathfrak{p})$
Noether $l$ $q^{(l)}$ $V$ $dl$ monic
2.7 $R_{s}(q)$ Noether
$r=1,$ $n=3$ $q$ $h_{1},$ $h_{2},$ $h_{3}$
space monomial curve $\mathfrak{p}$
$R_{s}($ Noether $R_{s}(q)$ (Noether Cohen-Macaulay )
$h_{1},$ $h_{2},$ $h_{3}$ pairwise coprime
$h_{1},$ $h_{2},$ $h_{3}$ ( pairwise coprime $Q(T/q)=Q(S/p)$ $d=1$
$l$ $q^{(l)}$ $V$ $l$ monic
$R_{s}(q)$ Noether
$ch(F)=0$ 28 $l$ $q^{(l)}$ $V$ $l$
monic $1=1$ $H=H’$ $R_{s}(q)$
Noether $q$ complete intersection
$ch(F)=p>0$ $q^{(l)}$ $V$ $l$ monic
( $\deg x_{1}=h_{1},$ $\deg x_{2}=h_{2},$ $\deg V=h_{3}$ ) $lh_{3}$
Cutokosky [3] $l$ $q^{(l)}$ $l(h_{1}+h_{2}+h_{3})$
$R_{s}(q)$ Noether






symbolic Rees algebra Noether
3.1 $A$ Noether $\mathcal{F}=\{F_{n}\}_{n\in Z}$ $A$ filtration $\mathfrak{p}$ $A$
$R(\mathcal{F})\otimes_{A}A_{\mathfrak{p}}$ Noether $R(\mathcal{F})\otimes_{A}A_{x}$ Noether
$x\in A\backslash \mathfrak{p}$
Veronese subring $n$ $F_{n}A_{\mathfrak{p}}=F_{1}^{n}A_{\mathfrak{p}}$ $\circ$
$F_{1}=A$ $R(\mathcal{F})$ $A$ 1 $x=1\in A\backslash \mathfrak{p}$
$F_{1}\neq A$
$\bigcup_{l\geq 1}Ass_{A}(A/F_{1}^{l})=\{q_{I}, \ldots, q_{m}, q_{m+1}, \ldots, q_{k}\}$
$i=1,$ $\ldots,$ $m$ $q_{i}\subseteq P$ $j=m+1,$ $\ldots,$ $k$ $q_{J}\not\in \mathfrak{p}$
( $k>0$ $m=0$ $k=m$ $U_{l\geq 1}Ass_{A}(A/F_{1}^{l})$
)
$x\in q_{m+1}\cup\cdots\cup q_{k}\backslash$ ( $k=m$ $x\in A\backslash \mathfrak{p}$ )
$n$ $F_{n}A_{x}\neq F_{1^{n}}A_{x}$ $P$ $Ass_{A_{C}}(F_{n}A_{x}/F_{1^{n}}A_{x})\subseteq$
$Ass_{A_{x}}(A_{x}/F_{1^{n}}A_{x})$ $Q=P\cap A$ $Q\in$ ASSA $(A/F_{1}^{n})$
$Q\geq x$ $Q\subseteq \mathfrak{p}$ $F_{n}A_{Q}=F_{1^{n}}A_{Q}$ $P$
3.2 $U=$ { $\mathfrak{p}\in Spec(A)|R(\mathcal{F})\otimes_{A}A_{\mathfrak{p}}$ Noether }
1. $U$ $Spec(A)$ Zariski open.
2. $U=Spec(A)$ $R(\mathcal{F})$ } Noether
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3.1 3.2 $R(\mathcal{F})$ Noether ( $A$ )
section 2
3.3 $A$ Noether $t_{1;}\ldots\rangle$ $t_{d}$ $A$ - $y\in A$ $x_{i}\mapsto t_{i}W\rangle$
$V\mapsto yW$ $A$ $T=A[x_{1}, \ldots, x_{d}, V]arrow A[W]$
$q$ $n$
$q^{(n)}=$ { $r\in T|$ $m$ $t_{1}^{m}r,$ $\ldots,$ $t_{d}^{m}r\in q^{n}$ }
$n\leq 0$ $q^{(n)}=T$ $\mathcal{F}=\{q^{(i)}\}:\in z$ $T$ filtration
$l$ $q^{(l)}$ $V$ $l$ monic
$R(\mathcal{F})$ Noether
3.4 $A$ $q$ $A$
$q^{(n)}$
$q$ $n$ symbolic power
$qT_{t_{1}}=(x_{2}-(t_{2}/t_{1})x_{1}, \ldots, x_{d}-(t_{d}/t_{1})x_{1}, V-(y/t_{1})x_{1})T_{t_{1}}$
complete intersection
33 32 $A$ $m$ $R(\mathcal{F})\otimes_{A}A_{m}$
Noether ( 3.2 $T$ )
$m2(t_{1}, \ldots, t_{d,y})$ $T_{m}=T\otimes_{A}A_{m}=A_{t\mathfrak{n}}[x_{1}, \ldots, x_{d}, V]$






$m\supseteq(t_{1}, \ldots, t_{d}, y)$ $(A, m)$ Noether
$t_{1},$
$\ldots,$
$t_{d}\in m$ $A$- $y\in m$ $x_{i}\mapsto t_{i}W$ $A$
$S=A[x_{1}, \ldots, x_{d}]arrow A[W]$ $\mathfrak{p}$ $n$
$\mathfrak{p}^{(n)}=$ { $r\in S|$ $m$ $t_{1}^{m}r,$ $\ldots,$ $t_{d}^{m}r\in p^{n}$ }
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$n\leq 0$ $\mathfrak{p}^{(n)}=S$ $\mathcal{G}=\{\mathfrak{p}^{(i)}\}_{i\in Z}$ $S$ filtration
$\mathcal{F}$ $\mathcal{G}$ $d=1$ 2.3 $R(\mathcal{F})$
Noether
23 4
$n$ $\mathfrak{p}^{n}T\subseteq q^{n}$ $\mathfrak{p}^{(n)}T\subseteq q^{(n)}$
2.3 3 $A$ $F$ $t_{1},$ $\ldots,$ $t_{d}$ A-
$T_{t}\mapsto t_{i}$ $F[T_{1}, \ldots , T_{d}]_{(T_{1},\ldots,T_{d})}$ $A$
$L=F[T_{1} , . . . , T_{d}, x_{1}, \ldots, x_{d}]arrow S$ $L$
$P=I_{2}(\begin{array}{ll}T_{1} T_{d}x_{1} x_{d}\end{array})$
$P$ generic matrix maximal minor
$n$ $P^{n}=P^{(n)}$ ([1]) $i$ $n,$ $m$
$T_{i}\not\in P$ $P^{n}$ : $T_{t^{m}}=P^{n}$ $Larrow S$ $PS=\mathfrak{p}$
$\mathfrak{p}^{n}$ : $t^{m}=\mathfrak{p}^{n}$ $n$ $\mathfrak{p}^{(n)}=p^{n}$
2.3 2
$0arrow qTarrow A[x_{1}, \ldots, x_{d}, V]arrow A[W]$
$0arrow qT_{t_{1}}arrow T_{t;}arrow A_{t_{i}}[W]$
$x_{i}’=x_{t}\cdot/t;,$ $j\neq i$ $x_{J}’=x_{j}-(t_{J}\cdot/t_{i})x_{i},$ $V’=V-(y/t_{i})x$ ;
$T_{t_{i}}=A_{t_{i}}[x_{1}’, \ldots, x_{d}’, V’]$ $qT_{t_{1}}=$ ( $x_{1}’,$ .Y., $x_{d}’,$ $V’$ ) $T_{t_{i}}$ ( ( $x_{1}’,$ .Y., $x_{d}’,$ $V’$ )
$\}$ $(x_{1}’, \ldots, x_{i-1}’, x_{i+1}’, \ldots, x_{d}’, V’)$
$\circ$ ) $q^{(n)}T_{t_{i}}=(x_{1}’, .Y., x_{d}’, V’)^{n}T_{t}=$:
$q^{n}Tt_{i}$
$q^{(n)}\subseteq$
$(x_{1}^{\prime.v^{i}} ., x_{d}’, V’)^{n}T_{t:} \cap T=\bigcup_{m\geq 0}(q^{n};_{T}t_{i}^{m})$
$t_{J}\cdot$ } $hA_{t_{i}}$ ‘ $i,$ $j$ $\bigcup_{m\geq 0}(q^{n}:\tau$
$t_{i}^{m})= \bigcup_{m\geq 0}(q^{n}:\tau t_{J}^{m})$
$q^{(n)}=(x_{1}^{\prime.y^{i}}., x_{d}’, V’)^{n}T_{t_{i}}\cap T$
$\alpha$ :
$T=A[x_{1}, \ldots, x_{d}, V]arrow T_{t:}=A_{t;}[x_{1}’, \ldots, x_{d}’, V’]$ $\alpha$
$Aarrow A_{t_{i}}$ $A[x_{1}’, \ldots, x_{d}’, V’]arrow A_{t;}[x_{1}’, \ldots, x_{d}’, V’]$ $\beta$
$\gamma(x_{\dot{t}})=t_{i}x_{i}’,$ $j\neq i$ $\gamma(x_{J})=x_{J}’+t_{j}x_{\dot{t}}’,$ $\gamma(V)=V’+yX_{i}’$ $A$
$\gamma$ : $A[x_{1, )}x_{d}, V]arrow A[x_{1}’, \ldots, x_{d}’, V’]$ $\alpha=\beta\circ\gamma$
$r\in T$ $r\in q^{(n)}$ } $\alpha(r)\in(x_{1}’, .Y. , x_{d)}’V’)^{n}T_{t}$:
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$\gamma(r)\in(x_{1}’, .Y., x_{d}’, V’)^{n}A[x_{1}’, \ldots, x_{d}’, V’]$
$q^{(n)}=\{r\in T|\gamma(r)\in(x_{1}^{\prime.v^{i}}., x_{d}’, V’)A[x_{1}’, \ldots, x_{d}’, V’]\}$
6: $S=A[x_{1}, \ldots x_{d}]arrow A[x_{1}’, \ldots, x_{d}’]$ $\gamma(x_{t})=t_{i}x_{i}’,$ $j\neq i$
$\delta(x_{J}\cdot)=x_{J}’+t_{j}x’$.
$\mathfrak{p}^{(n)}=\{r\in S|\delta(r)\in(x_{1}’, .\dot{\vee}., x_{d}’)A[x_{1}’, \ldots, x_{d}’]\}$
$h=g_{0}V^{t}+g_{1}V^{t-1}+\cdots+g_{t}\in q^{(n)}$ (go, . . . , $g_{t}\in S$)
$\gamma(h)=\delta(g_{0})(V’+yx_{\dot{t}}’)^{t}+\delta(g_{1})(V’+yx’.\cdot)^{t-1}+\cdots+\delta(g_{t})\in(x_{1}’, .Y., x_{d}’, V’)^{n}A[x_{1}’, \ldots, x_{d}’, V’]$




section 2 section 3 2.3 1, 2, 3
section 2.3 4
Roberts [6] Hilbert 14
$0$
Noether
$F$ ( ) $R_{0}=F[x, y, z]$
$R=\Sigma_{l\geq 0}R_{l}=F[x, y, z, S, T, U, V]$ $x,$ $y,$ $z$ $0$ $S,$ $T,$ $U,$ $V$
1 $\alpha,$ $\beta$ $R_{0}$- $\phi$ : $R_{1}arrow R_{0}$
$S\mapsto x^{\alpha},$ $T\mapsto y^{\alpha},$ $U\mapsto z^{\alpha},$ $V\mapsto(xyz)^{\beta}$ $M=Ker(\phi)$ $R_{1}$ $R_{0}$-
( $M$ - $\beta\geq\alpha$ { $y^{\alpha}S-x^{\alpha}T,$ $z^{\alpha}T-y^{\alpha}U,$ $x^{\alpha}U$ -
$z^{\alpha}S,$ $V-x^{\beta-\alpha}y^{\beta}z^{\beta}S$ } $\beta<\alpha$ $\{y^{\alpha}S-x^{\alpha}T,$ $z^{\alpha}T-y^{\alpha}U,$ $x^{\alpha}U-z^{\alpha}S,$ $x^{\alpha-\beta}V-$
$y^{\beta}z^{\beta}S,$ $y^{\alpha-\beta}V-x^{\beta}z^{\beta}T,$ $z^{\alpha-\beta}V-x^{\beta}y^{\beta}U,$ } ) $M$ $R$
$S(M)=\oplus_{l\geq 0}S^{l}(M)$
$\overline{S^{l}(M)}=$ { $f\in R_{1}|$ $m$ $x^{m}f,$ $y^{m}f,$ $z^{m}f\in S^{l}(M)$ }
$\overline{S(M)}=\oplus_{l\geq 0}\overline{S^{l}(M)}$ $R$
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4.1 $m=(x, y, z)R_{0}$
1. $l$ $S^{l}(M)=Sym^{l}(M)/H_{m}^{0}$ (Sym $(M)$ )
2. $\alpha>\beta$ $Sym(M)\not\simeq S(M)$ $\alpha\leq\beta$ $Sym(M)=S(M)$
3. $l$ $\overline{S^{l}(M)}=(S^{l}(M))^{**}=(Sym^{l}(M))^{**}$
( (-)* $R_{0}$-dual )
$\varphi$ : $R=F[x, y, z, S, T, U, V]arrow F[x, y, z, W]$ $\varphi(S)=x^{\alpha}W,$ $\varphi(T)=y^{\alpha}W,$ $\varphi(U)=$




4.2 1. $R_{s}(Q)$ $\overline{S(M)}$
2. $Q(R)$ $\overline{S(M)}=R\cap Q(S(M))$ .
$\overline{S(M)}$ Noether $R_{s}(Q)$ Noether $\overline{S(M)}=R$
$Q(S(M))$ Hilbert 14 $R_{s}(Q)$ Cowsik
Roberts
4.3 (Roberts [6]) $F$ $0$ $1>\beta/\alpha\geq 2/3$ $\overline{S(M)}$ Noether
$F$ $R_{s}(Q)$ Noether





$h_{4}$ $=$ $(\alpha, 0,0,1)$
$h_{5}$ $=$ $(0, \alpha, 0,1)$
$h_{6}$ $=$ $(0,0, \alpha, 1)$
$h_{7}$ $=$ $(\beta, \beta, \beta, 1)$
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$H=\Sigma_{i=0}^{7}\mathbb{N}_{0}h_{i}$ $Q$ 2.9 $H’=$
$\Sigma_{\dot{\iota}=0}^{6}\mathbb{N}_{0}h_{i}$ $P$ $P=Q\cap F[x, y, z, S, T, U]$
$Q(F[H])=Q(F[H’])$ $x^{\alpha},$ $y^{\alpha},$ $z^{\alpha}$ -
$P=I_{2}(\begin{array}{lll}S T Ux^{\alpha} y^{\alpha} z^{\alpha}\end{array})$
[1] $l$ $P^{l}=P^{(l)}$ $R_{s}(P)$
Noether 2.9 $l$
$Q^{(l)}$ $V$ $l$ monic $R_{s}(Q)$ Noether
($Q(F[H])=Q(F[H’])$ $d=1$ )
$Q^{(l)}$ $V$ $l$ monic $l$
$[Q^{(l)}]_{l}=\overline{S^{l}(M)}$ $\overline{S^{l}(M)}$ $V$ $l$
$S\mapsto x^{\alpha}S’,$ $T\mapsto T’+y^{\alpha}S’,$ $U\mapsto U’+z^{\alpha}S’,$ $V\mapsto V’+(xyz)^{\beta}S’$
$\delta$ : $F[x, y, z, S, T, U]arrow F[x, y, z, S’, T’, U’]$
$\gamma$ : $F[x, y, z, S, T, U, V]arrow F[x, y, z, S’, T’, U’, V’]$
3.3 $l$
$P^{(l)}$
$=$ $\{f\in F[x, y, z, S, T, U]|\delta(f)\in(T’, U’)^{l}F[x, y, z, S’, T’, U’]\}$
$Q^{(l)}$ $=$ $\{f\in R|\gamma(f)\in(T’, U’, V’)^{l}F[x, y, z, S’, T’, U’, V’]\}$
$[Q^{(l)}]_{l}=\overline{S^{l}(M)},$ $[P^{(l)}]_{l}=[P^{l}]_{l}=S^{l}(N)$
$\overline{S^{l}(N)}=$ $S^{l}(N)$
$=$ { $f\in R_{l}|\delta(f)$ $S’$ }
$\overline{S^{l}(M)}$ $=$ { $f\in R_{l}|\gamma(f)$ $S’$ }
( $N=P_{1}=R_{0}(y^{\alpha}S-x^{\alpha}T)+R_{0}(z^{\alpha}T-y^{\alpha}U)+R_{0}(x^{\alpha}U-z^{\alpha}S)$
$S(N)=\oplus_{l}S^{l}(N)$ $N$ $F[x, y, z, S, T, U]$
$\overline{S^{l}(N)}=$ { $f\in(F[x,$ $y,$ $z,$ $S,$ $T,$ $U])_{l}|$ $m$ $x^{m}f,$ $y^{m}f,$ $z^{m}f\in S^{l}(N)$ }
)
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4.4 $\beta\geq\alpha$ $Q_{1}=M$ $V$ 1
monic
$\beta<\alpha$ $Q_{1}=M=S^{1}(M)=\overline{S^{1}(M)}$
$V$ 1 monic $Q$ $V$
1 monic
$\beta<\alpha$ $F$ $0$ 28
1 $Q^{(l)}$ $V$ 1 monic
$Q$ $V$ 1 monic
1 $Q^{(l)}$ $V$ 1 monic
$F$ $0$ 1 $Q^{(l)}$ $V$ 1 monic
$\beta\geq\alpha$
section $F$ $p>0$ $\alpha>\beta$
section
4.5 $ch(F)=p>0$ 1 $\overline{S^{l}(M)}$ $V$
$l$ monic $p\equiv 2(3)$ $\beta/\alpha\geq(2p-1)/3p$ ,
$P\not\equiv 2(3)$ $\beta/\alpha\geq 2/3$
$\overline{S(M)}$ $R_{s}(Q)$ Noether
4.6 $p>0,$ $\alpha>\beta$ $l$ $\overline{S^{l}(M)}$
$V$ 1 monic $n$ $\overline{S^{p^{n}}(M)}$ $V$
$p^{n}$ monic




$S’$ $S’V^{\prime l-1}$ 1 $(xyz)^{\beta}\in(x^{\alpha}, y^{\alpha}, z^{\alpha})R_{0}$
$\alpha>\beta$ $l$ $p$



















$S(N)=\overline{S(N)}=F[x, y, z, A, B, C]\subset F[x, y, z, S, T, U]$
47 $p>0,$ $\alpha>\beta$ $n$ $\overline{S^{p^{n}}(M)}$
$h=V^{p^{n}}+g_{i}V^{p^{n}-i}+$ ( $V$ $p^{n}-i$ )
$(0<i<p^{n})g_{i}\in F[x, y, z, S, T, U])$ $g;\in S^{i}(N)$
$\gamma(h)$ $V’$ $\delta(g:)$ $S’$
$g_{i}$ $S,$ $T,$ $U$ $i$ $g;\in S^{t}(N)$
$R=F[x, y, z, S, T, U, V]$ $x,$ $y,$ $z$ $0$ $S,$ $T,$ $U,$ $V$ 1
$R_{0}$ $R$ $\deg_{Z^{3}}x=(1,0,0)$ ,
$\deg_{Z^{3}}y=(0,1,0),$ $\deg_{Z^{3}}z=(0,0,1),$ $\deg_{Z^{3}}S=(\alpha, 0,0),$ $\deg_{Z^{3}}T=(0, \alpha, 0),$ $\deg_{Z^{3}}U=$
$(0,0, \alpha),$ $\deg_{Z^{3}}V=(\beta, \beta, \beta)$ $R_{0},$ $R$ $Z^{3}$ -graded ring
1 $R_{l}$ graded $R_{0}$- $S^{l}(M),$ $\overline{S^{l}(M)}$ graded $R_{0}$-
$\circ Z^{3}$ -homogeneous $f$ $\deg_{Z^{3}}f=(a, b, c)$ $t.\deg_{Z^{3}}f=a+b+c$
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4.8 $p>0$ $\beta/\alpha<2/3$ $\alpha,$ $\beta$ $h$ $\overline{S^{p^{n}}(M)}$
$Z^{3}$ -homogeneous $V$ monic $g\in$
$F[x, y, z, S, T, U]$ $h=V^{p^{n}}+g$
$\deg_{Z^{3}}h=(\beta p^{n})\beta p^{n},$ $\beta p^{n}$ )
$h=V^{p^{n}}+g_{\dot{l}}V^{p^{n}-i}+$ ( $V$ $p^{n}-i$ )




4.9 $p>0$ $\beta/\alpha<1/2$ $\alpha,$ $\beta$
1 $\overline{S^{l}(-M)}$ $V$ $l$ monic
1 $\overline{S^{l}(M)}$ $V$ 1 monic $h$
4.6 $l=p^{n}$ $h$ $Z^{3}$-homogeneous 4.4
$n\geq 1$ 48 $h=V^{p^{n}}+g(g\in F[x, y, z, S, T, U])$
$x^{\alpha-\beta}V-y^{\beta}z^{\beta}S\in M$ $x^{(\alpha-\beta)p^{n}}V^{p^{n}}-y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}\in S^{p^{n}}(M)$
$x^{(\alpha-\beta)p^{n}}V^{p^{n}}+x^{(\alpha-\beta)p^{n}}g^{p^{n}}\in\overline{S^{p^{n}}(M)}$ $x^{(\alpha-\beta)p^{n}}g^{p^{n}}+y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}\in\overline{S^{p^{n}}(M)}$
$F[x, y, z, S, T, U]=S^{p^{n}}(N)$
$\bullet$ $f$ $Z^{3}$-homogeneoous $\deg_{Z^{3}}f=(\alpha p^{n}, \beta p^{n}, \beta p^{n})$ .
$\bullet$ $f-y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}$ l $x^{(\alpha-\beta)p^{n}}$
$f\in S^{p^{n}}(N)$ $f$ $y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}$ $f$
$A,$ $B$ $p^{n}$ monomial $\deg_{Z^{3}}A^{\dot{t}}B^{p^{n}-i}=$
$(\alpha p^{n}, \alpha i, \alpha(p^{n}-i))$ $f$
$A^{\dot{l}}B^{p^{n}-1}$
$\alpha i\leq\beta p^{n},$ $\alpha(p^{n}-i)\leq$
$\beta p^{n}$ $\beta/\alpha<1/2$
4.10 1 $\overline{5^{i}(M)}$ $V$ 1 monic
$\beta/\alpha$ $F$
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$R_{0}’=F[x’, y’, z’]$ $x\mapsto x^{\prime t},$ $y\mapsto y^{\prime t},$ $z\mapsto z^{\prime t}$ $R_{0}arrow R_{0}’$
$R_{0}’$ R-algebra $R’=R\otimes_{h}R_{0}’$ $R’=F[x’, y’, z’, S, T, U, V]$ ,
$R_{1}’=R_{1}\otimes_{R_{0}}R_{0}’=R_{0}’S+R_{0}’T+R_{0}’U+R_{0}’V$ $S\mapsto x^{\prime t\alpha},$ $T\mapsto y^{\prime t\alpha},$ $U\mapsto z^{\prime t\alpha}$ ,
$V\mapsto(x’y’z’)^{t\beta}$ $R_{1}’$ $R_{0}’$ $R_{0^{-}}’$ $M’$
$M’=M\otimes_{R_{0}}$ $R_{0}’$ $M’$ $R’$ $S(M’)$
$\overline{S^{l}(M’)}$ $M$ $S^{l}(M’)=S^{l}(M)\otimes_{R_{0}}R_{0}’$ $S^{l}(M’)\subseteq$
$\overline{S^{l}(M)}\otimes_{R_{\text{ }}}R_{0}’\subseteq R_{l}’$ $\overline{S^{l}(M)}\otimes_{R_{\text{ }}}R_{0}’\subseteq\overline{S^{l}(M}$‘) $x$ $R_{l}/\overline{S^{l}(M)}$
$x’$ $R_{l}’/\overline{S^{l}(M’)}$ $\overline{S^{l}(M’)}=\overline{S^{l}(M)}\otimes_{R\text{ }}R_{0}’$
$\overline{S^{l}(M)}$ $V$ $l$ monic $\overline{S^{l}(M’)}$ $V$
$l$ monic
4.11 $F$ $p>0$ $\beta’/\alpha’<\beta/\alpha\leq 1$ $\alpha’,$ $\beta’$
$\overline{S^{l}(M)}$ $V$ $l$ monic $\alpha,$ $\beta$ $\overline{S^{l}(M)}$ $V$
$l$ monic
4.10 $\alpha’=\alpha+1,$ $\beta’=\beta$
$S\mapsto x^{\alpha+1},$ $T\mapsto y^{\alpha+1},$ $U\mapsto z^{\alpha+1},$ $V\mapsto(xyz)^{\beta}$ $R_{1}$ $R_{0}$ $R_{0}$-




$\Psi(M’)\subseteq M$ $\Psi(S^{l}(M’))\subseteq S^{l}(M)$ $\Psi(\overline{S^{l}(M}$‘ $) ) $\subseteq\overline{S^{l}(M)}$
$V$ $l$ monic $\Psi$ $V$ $l$ monic
( $\overline{S^{l}(M’)}$ $V^{l}+g(g\in F[x, y, z, S, T, U])$ $\overline{S^{l}(M)}$
)
4.12 $ch(F)=2$ $l$ $\overline{S^{l}(M)}$ $V$
$l$ monic $\beta/\alpha\geq 1/2$
$\beta\geq\alpha$ 4.4 $\beta/\alpha<1/2$ 4.9
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4.10 4.11 $\alpha=2,$ $\beta=1$ $\overline{S^{2}(M)}$ $V$ 2
monic




4.13 ch $(F)=p\equiv 1(6)$ [ $\overline{S^{l}(M)}$ $V$
$l$ monic $\beta/\alpha\geq 2/3$
4 $4$ 4 $6$ 4 $8$ $4.10$ 4.11
4.13
4.14 ch $(F)=p\equiv 1(6)$ $\alpha=3,$ $\beta=2$ $\overline{S^{p}(M)}$ $V$ $p$
monic
4.15 ch $(F)=p\equiv 1(6),$ $\beta/\alpha=2/3$ $n$
$\overline{S^{p^{n}}(M)}$ $V^{p^{n}}+g$ $(g\in F[x, y, z, S, T, U])$
4.14 $S^{p}(N)$
$y^{2p}z^{2p}S^{p}+f_{J}S^{p-j}+$ ( $S$ $p-j$ ) (1)
$(f_{J}\in F[x, y, z, T, U])$ $j\geq(p-1)/3$
$A^{(p+1)/2}B^{(p-1)/2}=y^{3(p+1)/2}z^{3(p-1)/2}S^{p}+$ ( $S$ $p$ ) $\in S^{p}(N)$
$2p>3(p+1)/2$ $S^{p}(N)$ $y^{2p}z^{2p}S^{p}+$ ( $S$ $p$ )
(1) $j$
$h=y^{2p}z^{2p}S^{p}+f_{\dot{l}}S^{p-\iota}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
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$i<(p-1)/3$ ( $(p-1)/3<p$ $0\neq f_{\dot{t}}\in$
$F[x, y, z, T, U]$ $(p-1)/3$ ) $h$ $Z^{3}$-homogeneous
4.7 $f_{\mathfrak{i}}=dC^{\mathfrak{i}}$ $d\in F[x, y, z]$
$\deg_{Z^{3}}C^{i}S^{p-i}=(3p-3i, 3i, 3i),$ $\deg_{Z^{3}}y^{2p}z^{2p}S^{p}=(3p, 2p, 2p)$
$f_{i}=qx^{3i}y^{2p-3i}z^{2p-3i}C^{i}(q\in F^{x})$ ( $i<(p-1)/3$ $2p-3i>0$ )
$h=y^{2p}z^{2p}S^{p}+qx^{3i}y^{2p-3:_{Z^{2p-3i}}}C^{i}S^{p-i}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i$ . $p-i$ $2p-3i\geq 3(p-i)/2$
$C^{i}A^{(p-i)/2}B^{(p-i)/2}=y^{3(p-i)/2}z^{3(p-i)/2}C^{i}S^{p-i}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i$ $h$
$i$ $p-i$ $2p-3i\geq 3(p-i+1)/2$
$C^{i}A^{(p-\dot{\iota}+1)/2}B^{(p-\dot{l}-1)/2}=y^{3(p-\mathfrak{i}+1)/2}z^{3(p-i-1)/2}C^{i}S^{p-:}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i$ $h$
$t=(p-1)/3$ $S^{p}(N)$
$h=y^{2p}z^{2p}S^{p}+qx^{3t}y^{2p-3t}z^{2p-3t}C^{t}S^{p-t}+$ ( $S$ $p-t$ )
$(q\in F)$ $Z^{3}$-homogeneous $h$ 3
$S$ $p-t-1$ $x^{3(t+1)}=x^{p+2}$ (
4.15 $q\neq 0$ )
$k$ $=$ $C^{t}A^{t}B^{t}(xV-y^{2}z^{2}S)$
$=$ $C^{t}(y^{3}S-x^{3}T)^{t}(z^{3}S-x^{3}U)^{t}(xV-y^{2}z^{2}S)$
$=$ $xy^{3t}z^{3t}C^{t}S^{2t}V-y^{3t+2}z^{3t+2}C^{t}S^{2t+1}+x^{3}$( $V$ 1 ) $\in S^{p}(M)$
$3t+1=p,$ $3t+2=2p-3t$
$qx^{p-1}k=qx^{p}y^{3t}z^{3t}C^{t}S^{2t}V-qx^{3t}y^{2p-3t}z^{2p-3t}C^{t}S^{p-t}+x^{p+2}$ ( $V$ 1 )
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$y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+qx^{\alpha t}y^{\beta p^{n}-\alpha t}z^{\beta p^{n}-\alpha t}C^{t}S^{p^{n}-t}+$ ( $S$ $p^{n}-t$ )
$Z^{3}$-homogeneous $q\in F^{x}$ $\alpha,$ $\beta,$ $t$
$\beta p^{n}-\alpha t>0$
$i=0,1$ , . . . , $t-1$
$H(i)=x^{\alpha i}y^{\beta p^{n}-\alpha(d,+\iota)}z^{\beta p^{n}-\alpha(e_{i}+i)}A^{d_{i}}B^{e:}C^{t}$
$i$ $d_{\dot{t}}=(p^{n}-i+1)/2,$ $e_{\mathfrak{i}}=d_{i}-1$ $i$
$d_{i}=e_{\mathfrak{i}}=(p^{n}-i)/2$ $i=0,1,$ $\ldots,$ $t-1$
$\beta p^{n}-\alpha(d_{\iota}+i)\geq 0,$ $\beta p^{n}-\alpha(e_{i}+i)\geq 0$ $H(i)\in S^{p^{n}}(N)$ $Z^{3}$-homogeneous
$\deg_{Z^{3}}H(i)=(\alpha p^{n}, \beta p^{n}, \beta p^{n})$ $H(i)$ $U$
$[a, b]=x^{o(p^{n}-a)}y^{\beta p^{n}-\alpha b_{Z}\beta p^{n}}S^{a}T^{b}$
$H(i)$ $=$ $x^{\alpha i}y^{\beta p^{n}-\alpha(d,+\dot{\iota})}z^{\beta p^{n}-\alpha(e,+l)}(y^{\alpha}S-x^{\alpha}T)^{d;}(z^{\alpha}S-x^{\alpha}U)^{e_{i}}(z^{o}T-y^{o}U)^{i}$
$=$ $\sum_{J^{=0}}^{d_{\mathfrak{i}}}(-1)^{J}(\begin{array}{l}d_{\mathfrak{i}}j\end{array})[d_{i}-j+e;, i+j]+$ ( $U$ )
$d_{\dot{\iota}}-j+e_{i}=p^{n}-i-j$
$F$ $c_{0)}\ldots,$ $c_{t-1}$
$H= \sum_{\dot{\iota}=0}^{t-1}{}_{ci}H(i)=[p^{n}, 0]+q$ $y^{n}-t,$ $t$ ] $+ \sum_{l>t}q_{l}$ $f^{n}-l,$ $l$ ] $+$ ( $U$ )
$q\in F^{x},$ $q_{t+1},$ $\ldots\in F$ $H$ $S^{p^{n}-t}T^{t}$ $0$
$H=y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+q’x^{\alpha\dot{\iota}}y^{\beta p^{n}-\alpha l}z^{\beta p^{n}-\alpha i}C^{l}S^{p^{n}-i}+$ ( $S$ $p-i$ )







$\sum_{\dot{\sim}=0}^{t-1}c;H’(i)=\beta c^{n},$ $0$ ] $+q[ \rho^{n}-t, t]+\sum_{l>t}q_{l}[p^{n}-l, l]$
$(q’\in F^{x}, q_{t+1}\ldots\in F)$
$\sum_{i=0}^{t-1}c_{i}H’(i)=\sum_{l=0}^{p^{n}}k_{l}[y^{n}-l, l]$














Giambelli’s identity ([4]) $G$ $d_{t-1}$ $\mathbb{C}$-vector space
$\dim_{\mathbb{C}}Sym^{t}G=(\begin{array}{l}2tt\end{array})$ ( $d_{t-1}+t-1=2t$ )
$(\begin{array}{l}2tt\end{array})$
$p$
$(\begin{array}{l}2tt\end{array})=\frac{(t+1)(t+.2)\cdots 2t}{1\cdot 2\cdot\cdot t}$
$2t\leq p^{n}$ $l=1,$ 2, \rangle $n-1(arrow\llcorner$ $\{1, 2, \ldots, t\}$ $\{t+1, t+2, \ldots, 2t\}$
$p^{l}$ $t=(p^{n}-1)/3\not\equiv 0(p)$ $sp^{l}<t<(s+1)p^{l}$
$t=(p^{n}-p^{l})/3+(p^{l}-1)/3$ $(p^{n}-p^{l})/3$ $p^{l}$ $0<(p^{l}-1)/3<p^{l}$
$t-sp^{l}=(p^{l}-1)/3$ $2t-2sp^{l}=2(p^{l}-1)/3<p^{l}$
$2sp^{l}<2t<(2s+1)p^{l}$ $\{1, 2, \ldots, t\}$ $\{t+1, t+2, \ldots, 2t\}$ $p^{l}$
$s$
Step 1
Step 2. 4.15 $V^{p^{n}}+g\in\overline{S^{p^{n}}(M)}$ $g\in F[x, y, z, S, T, U]$
$V^{p^{n}}+g$ $Z^{3}$ -homogeneous
$x^{\alpha-\beta}V-y^{\beta}z^{\beta}S\in M$ $x^{(\alpha-\beta)p^{n}}V^{p^{n}}-y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}\in S^{p^{n}}(M)$ $x^{(\alpha-\beta)p^{n}}V^{p^{n}}+$
$x^{(\alpha-\beta)p^{n}}g\in\overline{S^{p^{n}}(M)}$
$y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+x^{(\alpha-\beta)p^{n}}g\in\overline{S^{p^{n}}(M)}\cap F[x, y, z, S, T, U]=S^{p^{n}}(N)$
Step 1 $S^{p^{n}}(N)$
$y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+qx^{\alpha t}y^{\beta p^{n}-\alpha t}z^{\beta p^{n}-\alpha t}C^{t}S^{p^{n}-t}+$ ( $S$ $p^{n}-t$ )
$Z^{3}$-homogeneous $q\in F^{x}$
$G=x^{(\alpha-\beta)p^{n}}g-qx^{\alpha t}y^{\beta p^{n}-\alpha t}z^{\beta p^{n}-\alpha t}C^{t}S^{p^{n}-t}+$ ( $S$ $p^{n}-t$ ) $\in S^{p}n(N)$
$(\alpha-\beta)p^{n}>\alpha t$ $g$ $S$ $p^{n}-t$
$G\neq 0$ $G$ ( $\deg_{Z^{3}}G=(\alpha p^{n}, \beta p^{n}, \beta p^{n})$ $Z^{3}$ -homogeneous





$S^{p^{n}}(N)$ $k$ $d_{{}^{\dot{t}}J^{k}}\cdot\neq 0$
$(i, j, k)$ ( $k$ $k\geq 0$
$d_{\dot{t}_{1}}j_{1}k\neq 0,$ $d_{l_{2}j_{2}k}\neq 0$ $i_{1}+j_{1}+k=i_{2}+j_{2}+k=p^{n},$ $\alpha(i_{1}+k)\leq\beta p^{n}$ ,
$\alpha(i_{2}+k)\leq\beta p^{n},$ $\alpha(j_{1}+k)\leq\beta p^{n},$ $\alpha(j_{2}+k)\leq\beta p^{n},$ $0\leq i_{1}<i_{2}$
$j_{1}>j_{2}\geq 0$ $i_{3}=i_{1}+1,$ $j_{3}=j_{1}-1$ $i_{3}+j_{3}+k=p^{n}$ ,
$\alpha(i_{3}+k)\leq\beta p^{n},$ $\alpha(j_{3}+k)\leq\beta p^{n}$ $z^{\alpha}A-y^{\alpha}B+x^{\alpha}C=0$ $A^{i_{1}}B^{j_{3}}C^{k}$
$z^{\alpha}A^{i_{3}}B^{j_{3}}C^{k:_{1}}-y^{\alpha}AB^{j_{1}}C^{k}$ $x^{\alpha}A^{i_{1}}B^{Js}C^{k+1}=0$ $z^{\alpha}A^{i_{3}}B^{\dot{J}3}C^{k},$ $y^{\alpha}A^{i_{1}}B^{j_{1}}C^{k}$ ,
$x^{\alpha}A^{i_{1}}B^{J3}C^{k+1}$ $Z^{3}$-grading $(\alpha(i_{3}+j_{3}), \alpha(i_{3}+k))\alpha(j_{1}+k))$ $Z^{3}$-homogeneous
$\alpha(i_{3}+j_{3})\leq\alpha p^{n},$ $\alpha(i_{3}+k)\leq\beta p^{n},$ $\alpha(j_{1}+k)\leq\beta p^{n}$ $G$
$G+d_{i_{1}j_{1}k}x^{\alpha p^{n}-\alpha(\dot{\iota}_{3}+j_{3})}y^{\beta p^{n}-\alpha(i_{3}+k)}z^{\beta p^{n}-\alpha(j1+k)}(z^{\alpha}A^{i_{3}}B^{j_{3}}C^{k}-y^{\alpha}A^{t_{1}}B^{\gamma_{1}}C^{k}+x^{\alpha}A^{i_{1}}B^{j_{3}}C^{k+1})$
$d_{i_{1}j_{1}k}=0$ )
(2) $G$ $k$ $d_{i_{J}k}\neq 0$ $(i, j, k)$
$k_{1}= \min$ { $k\geq 0|d_{ljk}\neq 0$ $i,$ $j$ } $G\neq 0$
$k_{1}$ $d_{1J\iota k_{1}}\neq 0$ $G$ $S$ $i_{1}+j_{1}$






4.16 $ch(F)=p\equiv 5(6)$ $l$ $\overline{S^{l}(M)}$ $V$
$l$ monic $\beta/\alpha\geq(2p-1)/3p$
$\beta/\alpha\geq(2p-1)/3p$ $\overline{S^{p}(M)}$ $V$ $p$ monic




$y^{\beta p}z^{\beta p}S^{p}+f_{J}\cdot S^{p-j}+$ ( $S$ $p-j$ ) (3)
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$(f_{J}\in F[x, y, z, T, U])$ $j\geq t$
$A^{(p+1)/2}B^{(p-1)/2}=y^{\alpha(p+1)/2}z^{\alpha(p-1)/2}S^{p}+$ ( $S$ $p$ ) $\in S^{p}(N)$
$\beta p\geq\alpha(p+1)/2$ $S^{p}(N)$ $y^{\beta p}z^{\beta p}S^{p}+$ ( $S$ $p$ )
(3) $i$
$h=y^{\beta p}z^{\beta p}S^{p}+f_{\mathfrak{i}}S^{p-i}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i<t$ ($t<p$ $0\neq f_{i}\in F[x,$ $y,$ $z,$ $T,$ $U]$ )
$h$ $Z^{3}$ -homogeneous
$f_{i}=qx^{\alpha i}y^{\beta p-\alpha i_{\mathcal{Z}}\beta p-\alpha\dot{\sim}}C^{i}(q\in F^{x})$ ( $i<t$ $\beta p-\alpha i>0$)
$h=y^{\beta p}z^{\beta p}S^{p}+qx^{\alpha i\beta p-\alpha i;}yz^{\beta p-\alpha}C^{i}S^{p-i}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i$ $p-i$ $\beta p-\alpha i\geq\alpha(p-i)/2$
$C^{i}A^{(p-\dot{\sim})/2}B^{(p-i)/2}=y^{\alpha(p-i)/2}z^{\alpha(p-i)/2}C^{i}S^{p-i}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i$ $h$
$i$ $p-i$ $\beta p-\alpha i\geq\alpha(p-i+1)/2$
$C^{\dot{t}}A^{(p-i+1)/2}B^{(p-i-1)/2}=y^{\alpha(p-i+1)/2}z^{\alpha(p-i-1)/2}C^{i}S^{p-i}+$ ( $S$ $p-i$ ) $\in S^{p}(N)$
$i$ $h$
$S^{p}(N)$




$=$ $x^{(\alpha-\beta)p}V^{p}+qx^{\alpha t}y^{\beta p-\alpha t}z^{\beta p-\alpha t}C^{t}S^{p-t}+(Vi)\grave{\grave{a}}ffl$ $S$ $p-t$ ) $\in S^{p}(M)$
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$x^{\alpha t}$ $\alpha t=(\alpha-\beta)p$
$\overline{S^{p}(M)}$ $V$
$P$ monic
2 $n$ $\beta/\alpha<(2p-1)/3p$ $\alpha,$ $\beta$ $V^{p^{n}}+g\in\overline{S^{p^{n}}(M)}$
$(g\in F[x, y)z,$ $S,$ $T,$ $U$ ]) $V^{p^{n}}+g_{-}$ $Z^{3}$-homogeneous ( 4.6





( $t>0$ $n\geq 2$ )
4.15 Step 1 $S^{p^{n}}(N)$
$y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+qx^{\alpha t}y^{\beta p^{n}-\alpha t}z^{\beta p^{n}-\alpha t}C^{t}S^{p^{n}-t}+$ ( $S$ $p^{n}-t$ )
$Z^{3}$ -homogeneous $q\in F^{x}$ ( $\alpha,$ $\beta,$ $t$
$\beta p^{n}-\alpha t>0$ )
$i=0,1,$ $\ldots,$ $t-1$
$H(i)=x^{\alpha i}y^{\beta p^{n}-\alpha(d_{i}+\dot{\sim})}z^{\beta p^{n}-\alpha(e;+i)}A^{d_{i}}B^{e_{i}}C^{i}$
4.15 Step 1 ( $i$ $d_{i}=$
$(p^{n}-i+1)/2,$ $e_{i}=d_{i}-1$ $i$ $d;=e_{i}=(p^{n}-i)/2$ )












$e=(2p^{n}-p^{n-1}-3)/3<p^{n}$ $l=1,2,$ $\ldots,$ $n-1$ $\{1, 2, \ldots, t\}$
$\{e-t+1, e-t+2, \ldots, e\}$ $p^{l}$
$e-t= \frac{p^{n}+p^{n-1}}{3}\equiv 0(p^{n-1})$
4.16
$\overline{S^{p^{n}}(M)}\ni V^{p^{n}}+g$ $x^{\alpha-\beta}V-y^{\beta}z^{\beta}S\in M$ $x^{(\alpha-\beta)p^{n}}V^{p^{n}}-y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}\in$
$S^{p^{n}}(M)$ $y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+x^{(\alpha-\beta)p^{n}}g\in S^{p^{n}}(N)$ $S^{p^{n}}(N)$
$y^{\beta p^{n}}z^{\beta p^{n}}S^{p^{n}}+qx^{\alpha t}y^{\beta p^{n}-\alpha t}z^{\beta p^{n}-\alpha t}C^{t}S^{p^{n}-t}+$ ( $S$ $p^{n}-t$ )
$Z^{3}$-homogeneous $q\in F^{x}$
$G=x^{(\alpha-\beta)p^{n}}g-qx^{\alpha t}y^{\beta p^{n}-\alpha t}z^{\beta p^{n}-\alpha t}C^{t}S^{p^{n}-t}+$ ( $S$ $p^{n}-t$ ) $\in S^{p}n(N)$
$(\alpha-\beta)p^{n}>\alpha t$ $g$ $S$ $p^{n}-t$
$G\neq 0$ $G$ ( $\deg_{Z^{3}}G=(\alpha p^{n}, \beta p^{n}, \beta p^{n})$ $Z^{3}$ -homogeneous
$G= \sum_{i+j+k=p^{n}}d_{ijk}x^{\alpha p^{n}-\alpha(i+j)}y^{\beta p^{n}-\alpha(i+k)_{Z}\beta p^{n}-\alpha(j+k)}A^{i}B^{j}C^{k}$
$\alpha(i+k)\leq\beta p^{n}$
$\alpha(J+k)\leq\beta p^{n}$
$(d_{ijk}\in F)$ 4.15 Step 2 $k$ $d\dot\dot{J}^{k}\neq 0$
$(i, j, k)$ – $k_{1}= \min$ { $k\geq 0|d_{i_{\dot{J}}k}\neq 0$ $i,$ $j$ }
$G\neq 0$ $k_{1}$ $d_{\dot{\iota}_{1}j_{1}k_{1}}\neq 0$ $G$ $S$
$i_{1}+j_{1}$ $i_{1}+j_{1}=p^{n}-t$ $k_{1}=t$ $p^{n}-t$






4.17 $ch(F)=3$ $l$ $\overline{S^{l}(M)}$ $V$
$l$ monic $\beta/\alpha\geq 2/3$
$\beta/\alpha\geq 2/3$ 1 $\overline{S^{l}(M)}$ $V$ $l$
monic $\beta\geq\alpha$ 4.4 $\alpha>\beta$
4.10 4.11 $\alpha=3,$ $\beta=2$
$(xV-y^{2}z^{2}S)^{3}+z^{3}A^{2}B=x^{3}V^{3}+x^{3}$ ( $V$ )
$\overline{S^{3}(M)}$ $V$ 3 monic
2 $n$ $\beta/\alpha<2/3$ $\alpha,$ $\beta$ $V^{3^{n}}+g\in\overline{S^{3^{n}}(M)}$ ( $g$
$F[x, y, z, S, T, U])$ $V^{3^{n}}+g$ $Z^{3}$ -homogeneous 4.10 4.11
$\frac{2}{3}>\beta/\alpha>\frac{2\cdot 3^{n-1}-1}{3^{n}}$
$t=3^{n-1}-1$ $t$ ( $n\geq 2$ $t>0$
)
4.15 Step 1 $S^{3^{n}}(N)$
$y^{\beta 3^{n}}z^{\beta 3^{n}}S^{3^{n}}+qx^{\alpha t}y^{\beta 3^{n}-\alpha t}z^{\beta 3^{n}-\alpha t}C^{t}S^{3^{n}-t}+$ ( $S$ $3^{n}-t$ )
$Z^{3}$-homogeneous $q\in F^{x}$ ( $\alpha,$ $\beta,$ $t$
$\beta 3^{n}-\alpha t>0$ )
$i=0,1,$ $\ldots,$ $t-1$
$H(i)=x^{\alpha i}y^{\beta 3^{n}-\alpha(d_{2}+i)}z^{\beta 3^{n}-\alpha(e:+i)}A^{d;}B^{e_{i}}C^{i}$
4.15 Step 1 ( $i$ $d$. $=(3^{n}-i+1)/2,$ $e_{i}=$









Giambelli’s identity $(\begin{array}{l}d_{t- 1}+t-1t\end{array})$
$e=d_{t-1}+t-1=2\cdot 3^{n-1}-1$
$(\begin{array}{l}et\end{array})$ 3




$\overline{S^{3^{n}}(M)}\ni V^{3^{n}}+g$ $x^{\alpha-\beta}V-y^{\beta}z^{\beta}S\in M$ $x^{(\alpha-\beta)3^{n}}V^{3^{n}}-y^{\beta 3^{n}}z^{\beta 3^{n}}S^{3^{n}}$
$S^{3^{n}}(M)$ $y^{\beta 3^{n}}z^{\beta 3^{n}}S^{3^{n}}+x^{(\alpha-\beta)3^{n}}g\in S^{3^{n}}(N)$ $S^{3^{n}}(N)$
$y^{\beta 3^{n}}z^{\beta 3^{n}}S^{3^{n}}+qx^{\alpha t}y^{\beta 3^{n}-\alpha t}z^{\beta 3^{n}-\alpha t}C^{t}S^{3^{n}-t}+$ ( $S$ $3^{n}-t$ )
$Z^{3}$-homogeneous $q\in F^{x}$
$G=x^{(\alpha-\beta)3^{n}}g-qx^{\alpha t}y^{\beta 3^{n}-\alpha t_{Z}\beta 3^{n}-\alpha t}C^{t}S^{3^{n}-t}+$ ( $S$ $3^{n}-t$ ) $\in S^{3^{7}}$ $(N)$
$(\alpha-\beta)3^{n}>\alpha t$ $g$ $S$ $3^{n}-t$
$G\neq 0$ $G$ $\deg_{Z^{3}}G=(\alpha 3^{n}, \beta 3^{n})\beta 3^{n})$ $Z^{3}$-homogeneous
$G= \sum_{\alpha(i+k)\leq_{\beta 3^{n}}}\cdot y^{\beta 3^{n}-\alpha(i+k)_{Z}\beta 3^{n}-\alpha(j+k)}\alpha(j+k)\leq^{\beta 3^{n_{n}}}\dot{l}+J+k=3$
$(d_{ijk}\in F)$ 4.15 Step 2 $k$ $d_{i_{J}k}\neq 0$
$(i, j, k)$ $-$ $k_{1}= \min$ { $k\geq 0|d_{ijk}\neq 0$ $i,$ $j$ }
$G\neq 0$ $k_{1}$ $d_{\dot{t}_{1}j_{1}k_{1}}\neq 0$ $G$ $S$
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$i_{1}+j_{1}$ $i_{1}+j_{1}=3^{n}-t$ $k_{1}=t$ $3^{n}-t$




4.12, 4.13, 4.16, 4.17 45
5 $\alpha=2,$ $\beta=1$
$\alpha=2,$ $\beta=1$ (Roberts $t=1$ ) $ch(F)=2$ 4.2
$\overline{S(M)}$ Noether section 2, section 3
$ch(F)=0$ Roberts
section $\alpha=2,$ $\beta=1$ $\overline{S(M)}$ Noether
5.1 $\alpha=2,$ $\beta=1$ $F$ $\overline{S(M)}$ Noether

















5.2 $q_{f}t$ $q\geq t\geq 0$ $K_{0}V^{t}+K_{1}V^{t-1}+\cdots+K_{t}\in\overline{S^{q}(M)}$
$(K_{0}, . . . , K_{t}\in F[x, y, z, S, T, U])$ $Z^{3}$ -homogeneous
$K_{0}= \sum_{i+j+k=q-t}d\cdot A^{\dot{t}}B^{j}C^{k}{}^{\dot{t}}J^{k}$
$(d_{\dot{\sim}4k}\in l$ $)$ $i,$ $j,$ $k$ $t.\deg_{Z^{3}}d_{ijk}\geq[(t+1)/2]$
$\gamma(K_{0}V^{t}+K_{1}V^{t-1}+\cdots+K_{t})=\delta(K_{0})\gamma(V)^{t}+\delta(K_{1})\gamma(V)^{t-1}+\cdots+\delta(K_{t})$
$S’$ $\delta(K_{0})$ $S’$ $K_{0}\in S^{q-t}(N)$
$K_{0}=\Sigma_{i+\gamma+k=q-t}d_{i_{J}k}A:B^{j}C^{k}$ ( $d_{ijk}$ $R_{0}$ )
$t$
$t=0$ $\overline{S^{q}(M)}\cap F[x, y, z, S, T, U]=S^{q}(N)$
$t>0$
$t$ $t=2l(l\geq 1)$ $[(t+1)/2]=l$
$q\geq 2l$ $Z^{3}$ -homogeneous
$L_{1}=K_{0}V^{2l}+ \sum_{\sim=1}^{2l}K_{i}V^{2l-i}\in\overline{S^{q}(M)}$




$L_{2}$ $=$ $( \sum_{i+\gamma+k=q-2l}d_{\dot{\iota}\gamma k}(G, H, I)A^{t}B^{J}C^{k})G$
$=$ $xK_{0}V^{2l}+\cdots\in\overline{S^{q}(M)}$
$L_{3}=xL_{1}=xK_{0}V^{2l}+ \sum_{1=1}^{2l}xK_{i}V^{2l-i}\in\overline{S^{q}(M)}$
$L_{2}\neq L_{3}$ $L_{3}-L_{2}$ $V$ $a$ $0\leq a<21$
$t.\deg_{Z^{3}}(L_{3}-L_{2})=4q-l$ $L_{3}-L_{1}$ $V^{a}$ $S^{q-a}(N)$
$t$
$4q-l\geq[(a+1)/2]+4(q-a)+3a$
$a>21-1$ $L_{2}=L_{3}$ $L_{2}$ $x$
$\sum_{i++k=q-2l}Jd_{tgk}(G, H, I)A^{l}B^{2}C^{k}$ $x$ 4.15
Step 2 $z^{2}A-y^{2}B+x^{2}B=0$ $K_{0}$ $Z^{3}$-homogeneous
$K_{0}=x^{\xi}(mA^{i_{0}}B^{J0}C^{k_{0}}+x(\cdots))$
$j_{0}+j_{0}+k_{0}=q-21$ . $m=by^{m_{I}}z^{m_{2}}(b\in F^{x},$ $\xi+m_{1}+m_{2}=$
$1-1)$ $G^{\xi}$ $x$
$bH^{m_{1}}I^{m_{2}}A^{i_{0}}B^{j0}C^{k_{0}}+G(\cdots)$
$x$ $V$ $mod (x)$
$b(yz^{2}ST-y^{3}SU)^{m_{1}}(-z^{3}ST+y^{2}zSU)^{m_{2}}(y^{2}S)^{i_{0}}(z^{2}S)^{J0}(z^{2}T-y^{2}U)^{k_{0}}$
$x$
$t$ $t=21+1(1\geq 0)$ $[(t+1)/2]=l+1$
$q\geq 2l+1$ $Z^{3}$-homogeneous
$L_{4}=I i_{0}’V^{21+1}+\sum_{\dot{l}=1}^{2l+1}K_{\iota}V^{2l+1-\dot{\iota}}\in\overline{S^{q}(\lrcorner M)}$ .
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$(K_{0}, \ldots, K_{2l+1}\in F[x, y, z, S, T, U])$ $K_{0}=\Sigma_{i+j+k=q-2l-1}d_{tjk}A^{i}B^{J}C^{k}\neq 0$




$(K_{\dot{t}}’\in F[x, y, z, S, T, U])$
$L_{6}$ $=$ $(xV-yzS)L_{5}$
$=$ $xK_{0}V^{2l+1}+ \sum_{\dot{l}=1}^{2l}xK_{\dot{t}}’V^{2l+1-i}-yzS(.\cdot\sum_{+g+k=q-2l-1}d_{ijk}(G, H, I)A^{i}B^{j}C^{k})\in\overline{S^{q}(M)}$
$L_{7}=xL_{4}=xK_{0}V^{2l+1}+ \sum_{l=1}^{2l+1}xK_{i}V^{2l+1-i}\in\overline{S^{q}(M)}$





$i_{0}+io+k_{0}=q-2l-1$ $m=by^{m_{1}}z^{m_{2}}$ $(b\in F^{x}$ ,
$\xi+m_{1}+m_{2}=l)$ $G^{\xi}$ $x$
$bH^{m_{1}}I^{m_{2}}A^{i_{0}}B^{J0}C^{k_{0}}+G(\cdots)$




$L_{7}-L_{6}\neq 0$ $L_{7}-L_{6}$ $V$ $\mathfrak{a}_{1}$










$=$ $J_{0}V^{2l}+$ ( $V$ 21 ) $\in\overline{S^{q}(M)}$
$L_{7}-L_{6}-L_{8}$ $V$ $2l$ $L_{7}-L_{6}-L_{8}\neq 0$
$V$











$i_{1}+j_{1}+k_{1}=q-2l$ $n=cy^{n_{1}}z^{n_{2}}(c\in F^{x}, (+n_{1}+n_{2}=l)$
$L_{9}$ $V$ $L_{9}$ $x$
$V^{\xi},$ $V^{\xi+1},$
$\ldots,$
$V^{2l-\xi}$ $\xi<1$ $V^{\xi}$ $V^{2l-\xi}$
$x$














$\xi<l$ $L_{9}$ $V^{2l-\xi}$ $mod (x)$
$(yzS)(-2yzS)^{\xi}by^{m_{1}}z^{m_{2}}(y^{2}S)^{i_{0}}(z^{2}S)^{J0}(z^{2}T-y^{2}U)^{k_{0}}$
$L_{8}$ $V^{2l-\xi}$ $mod (x)$
$(-2yzS)^{\xi}cy^{n_{1}}z^{n_{2}}$ $(y^{2}S)^{\dot{\iota}\iota}(z^{2}S)^{j_{1}}(z^{2}T-y^{2}U)^{k_{1}}$











$\overline{S(M)}\supseteq R_{0}[A, B, C, D, E, F, G, H, I]$
$q,$
$t$ $q\geq t\geq 0$ $x,$ $y,$ $z$ $[(t+1)/2]$
$m$ $i+j+k=q-t$ $i,$ $j$ , $R_{0}[A, B, C, D, E, F, G, H, I]$
$\overline{S^{q}(M)}$
$mA^{i}B^{j}C^{k}V^{t}+$ ( $V$ $t$ )
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$\overline{S(M)}=R_{0}[A, B, C, D, E, F, G, H, I]$
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